Progress in quantum field theory by Jaffe, A
PROGRESS IN QUANTUM FIELD THEORY 
A. Jaffe 
1. Introduction 
Considerable progress has been made during the past year 
in the study of interacting local fields. The basic goal is to construct field operators 
satisfying nontrivial equations of motion, and to study the detailed properties 
of these fields from a qualitative and quantitative point of view. In addition to 
the fields, other basic objects that play an important role in this study are the 
Hamiltonian operator H, the vacuum (ground state of H), the Lorentz boost 
generators M and the Hilbert space /'Yen of physical states. We construct field 
theory models that satisfy the usual requirements for a relativistic, local theory. 
In perturbation theory they have nontrivial scattering matrices. 
The major input is the detailed quantitative properties associated with spe­
cific interaction Lagrangians. The best guide to these properties is our detailed 
knowledge of renormalized perturbation theory. 
The general properties common to all field theories, such as analyticity, uni­
tarity, locality, covariance or positivity of the energy, appear as results in this 
investigation. 
Since the exact nature of the interaction is so important, one expects diffe­
rent results for different interactions. The major difficulties are associated with 
infinite contributions to the renormalization constants. Problems are simpler, 
of course, if the renormalization constants have infinite contributions only up 
to some maximum, finite order of perturbation theory. In that case the divergen­
ce is called superrenormalizable. There are two types of divergences that occur: 
infinite volume divergences and ultraviolet divergences. The infinite volume di-
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vergences are never superrenormalizable; nevertheless they have been treated in 
certain theories. Up to now, the ultraviolet divergences have been dealt with 
only in the superrenormalizable case. The results of the past year have been con­
cerned with the infinite volume limit and the ultraviolet divergences. 
The most detailed results pertain to the c p 4 interaction [1—10] and the Yukawa 
interaction [3, 8, 11—13] in two dimensional space time. Many results for the 
(cp4)2 theory have been extended to the P (<p)2 theory [14—20]. Further work on 
the Yukawa 2 theory and Yukawa 2 + P ( c p ) 2 is nearing completion [21—24]. The 
most singular problem studied so far is the renormalization of the unphysical c p 3 
Hamiltonian [25] in four dimensional space time. These new results are based 
upon earlier work reviewed in Ref. [8] and in several other places [26—35]. 
2. The (q>4)2 theory 
The ( c p 4 ) 2 field satisfies the equation of motion [1 ] 
The field cp exists on the Fock space F of the time zero field, but Haag's theorem 
precludes the existence of a Hamiltonian H on F such that 
cp t) = exp (itH) <p (x, 0) exp (— itH). (2) 
The difficulty with giving a meaning to the formal expression for H, namely 
is the infinite vacuum volume divergence associated with the vacuum energy E. 
There is, however, a well defined Hamiltonian H (F) that is correct for a finite 
region of space time, 
Here g (x) is a spatial cutoff function that turns off the interaction at large dis­
tances. To preserve the formal positivity of H (F) , we choose 0 < g (x) < 1; we 
let g (x) = 1 if j x I 5g 1, g (x) = 0 if | x | ^ 2. There is a ground state vector Q (F) 
for H (F) and E (F) is chosen so that H (F) Q (F) = 0. 
The Hamiltonian H (F) corresponds to the equation 
In Ref. [1 ], we use the local character of the hyperbolic equation (3) to prove 
that influence propagates in the Heisenberg picture no faster than the speed of 
light. From this we conclude that the solution 
to (3) is independent of the cutoff g (x) inside the space time diamond | # | + | £| 
<g F , and that (4) satisfies equation (1) in this region. Hence we have a local 
field without cutoffs, 
The ( c p 4 ) 2 field theory provides the first nontrivial model of the Haag — Kastler 
axioms for field theory 1 ' 6 . I t presumably satisfies all the Wightman axioms. 
One feature of the ( < p 4 ) 2 theory is the control of the limit F oo and the 
related change in Hilbert spaces. Theorem [2]. There exists a Hilbert space Fren, 
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a representation of the (qp4)2 field, qp (x, t) q) r e n (x, t) on Frem & Hamilton! an 
H and a vacuum vector Q £ F v e n such that 
The change of Hilbert spaces (Fren ¥= F) is associated with the infinite vo­
lume divergence E (V) — oo of the vacuum energy renormalization constant. 
We note that E (V) is proportional to V in every order of perturbation theory, 
so the vacuum energy is not superrenormalizable. Furthermore E (V) has a di­
vergent power series expansion in X. By proving that E (V) 2g — MV in 
Ref. [2] , we gain control over the infinite volume limit. In fact, for any bounded 
region B of space time, the representation <p (x, t) (p r e n t), for (x, t) in B, is 
a unitary equivalence. There is a unitary transformation U b • F FTen such that 
For this reason we say that the (cp4)2 theory is locally Fock. We do not expect such 
behavior when the vacuum energy has a linear ultraviolet divergence, and it 
is known not to occur in the (cp4)3, model [28—29]. 
3. Lorentz covariance 
The (qp4)2 theory is formally covariant, and in Ref. [6] we 
prove that the Lorentz transformation 
is given by a unitary transformation 
cp (x\ t') = Uq> (x, t) U*, (6) 
when (x, t) and (x\ t') lie in a bounded region B. The proof consists of showing 
that a formally correct Lorentz boost generator M — M (B) satisfies the equa­
tion 
which in integrated form yields 
Here A is a pure Lorentz boost corresponding to the velocity tanh (3. This result 
is similar to having the locally correct Hamiltonian H (V) of section 2. One ex­
pects that on FTen there is a self adjoint generator M for all (x, t, P). This would 
be a consequence, for instance, of the (unproved) uniqueness of the vacuum Q of 
(5). In that case, MQ-0. 
4. The Yukawa 2 theory 
The locally correct Hamiltonian H (F) for the scalar Yukawa 2 
theory is much more singular than for (cp4)2, since its formal expression contains 
two infinite renormalization constants. 
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Both ÔTO2 and E ( F ) diverge logarithmically in the ultraviolet region. In Ref. 
[ 1 2 ] we define a self adjoint Hamiltonian HTen (V) as a limit (as % oo) of ultra-
violet cut-off Hamiltonians HTen ( F , x ) . For a m 2 (x) and E ( F , x) we take the exact 
expressions given by second order perturbation theory. (Divergences in dm2 and 
E occur in this model only to second order.) We prove that the limit oo of 
{HTen ( F , x) — Ç)""1 exists in norm and is the resolvent of a self adjoint operator 
#ren (V). This limit is independent of the manner in which the ultraviolet cutoff 
x is introduced in HTen ( F , x ) . 
The limiting Hamiltonian Hren ( F ) is a selfadjoint operator on Fock space, 
In spite of its formal divergent expression ( 7 ) . In other words, there is a dense set 
of vectors D in Fock space, such that for 6 in D, HTen ( F ) 9 is in Fock space, 
l ^ r e n (V) 91| <C °<>* The proof of the existence of Hren ( F ) involves explicit cancel-
lation of the mass and vacuum energy divergences with terms in Hj. These can-
cellations are performed with x <C oo in Hven ( F , x ) , and the resulting difference 
has a limit as x —>- oo. 
The ultraviolet cutoff x < oo destroys the locality of our theory. Thus one 
must establish in the limit x = oo that the theory is local. 
Theorem [ 1 3 ] . The self adjoint Hamiltonian Hven ( F ) propagates information 
in the Heisenberg picture no faster than the speed of light. Hence the Yukawa 2 
theory is local. 
Formally, this theorem tells us that the fields cp (x, t) and ip (x, t) defined 
with Hven ( F ) , as in ( 4 ) , are independent of the space cutoff function g. This is 
established [ 1 3 , 2 2 ] . 
The Yukawa 2 theory satisfies most of the Haag — Kastler axioms [ 1 3 ] and 
provides a nontrivial quantum field theory model with ultraviolet divergences. 
5. The Yukawa field equations 
The field equations for the Yukawa 2 model contain the infini-
te mass renormalization term* 
These equations are defined as the limit as x co of the cutoff field equations 
[ 1 3 ] . I t is possible, however, to give an independent meaning to the renormalized 
scalar current 
as a well defined field [ 2 1 ] . The proof exhibits explicit cancellations between 
ôjnj; and Ô77Z2cp. Hence the renormalized field equations can be given an independent 
meaning and are satisfied. As predicted by perturbation theo£y, the vector current 
f fa t) = ( ^ 7 ^ ) (x, t) and axial vector current (x, t) = (yyby*h$) (x, t) are well 
defined without such renormalization terms [ 2 4 ] . 
6. Conclusions 
Many detailed properties of superrenormalizable field theo-
ries have been established. The presence of infinite counterterms does not pre-
vent us from giving a mathematically precise formulation of operator field theory 
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without cutoffs. Thus we see by example that Lorentz covariance and local commu-
tativity are compatible with the presence of interactions. We look forward to the 
investigation of more detailed properties of the particles, their masses and their 
scattering. We also would like to connect these models with other currents in phy­
sics. We hope that similar progress can be made on more singular models, though 
the degree of complexity increases markedly with each new divergence. 
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